We construct a bijection proving that the following two sets have the same cardinality: (i) the set of words over {−1, 0, 1} of length m−2 which have every initial sum nonnegative, and (ii) the set of partitions of {1, 2, . . . , m} such that no two consecutive numbers lie in the same block and for no four numbers the middle two are in one block and the end two are in another block. The words were considered by GouyouBeauchamps and Viennot who enumerated by means of them certain animals. The identity connecting (i) and (ii) was observed by Klazar who proved it by generating functions. . We say that A is sparse if for every i ∈ [m − 1] the elements i and i + 1 lie in two distinct blocks. A is called abba-free if it does not happen for any four elements i < j < k < l of [m] that i, l lie in a common block and j, k in another common block. For example, {{1, 5, 7}, {2, 4}, {3, 6}} is a sparse partition that is not abba-free.
Let us denote, for m > 0, [m] = {1, 2, . . . , m}. A sequence a = a 1 a 2 . . . a k is a nonnegative word if a i ∈ {−1, 0, 1} for each i and for each initial segment of a the sum of its elements is nonnegative. Recall that A = {A 1 , A 2 , . . . , A n } is a partition of [m] if the A i s (called blocks) are nonempty disjoint subsets of [m] and their union is [m] . We say that A is sparse if for every i ∈ [m − 1] the elements i and i + 1 lie in two distinct blocks. A is called abba-free if it does not happen for any four elements i < j < k < l of [m] that i, l lie in a common block and j, k in another common block. For example, {{1, 5, 7}, {2, 4}, {3, 6}} is a sparse partition that is not abba-free.
The partition {{1, 2, 5, 7}, {4}, {3}, {6, 8}} is abba-free but it is not sparse. We give a direct proof, without using generating functions, for the following theorem originally due to Klazar [2] .
Theorem. For every m ≥ 3 there exists a bijection G between the set of sparse abba-free partitions of [m] and the set of nonnegative words of length m − 2.
Gouyou-Beauchamps and Viennot [1] were interested in counting certain animals (certain sets of plane lattice points) and showed that their animal problem is equivalent to enumeration of nonnegative words (they use slightly different terminology). Klazar [2] was interested in counting set partitions subject to structural restrictions and obtained as a byproduct the above identity. His derivation uses substantially generating functions. Indeed, if r m is the number of sparse abba-free
Analogous formula for nonnegative words was derived before in [1] . The sequence is sequence A005773 of Sloane [3] . Stanley [4, Problem 6 .46] and [3] give further information and references on these numbers. Our aim is to avoid the use of generating functions and to give a bijection proving the identity. We need few more definitions. A nonnegative word is a correct word if the first letter is 1, the last letter is −1, the sum of all letters is zero, and each proper initial segment has a positive sum. We say that the letter a j in a word over {−1, 0, 1} is dominant if a j = 1 and the sum of letters in every interval beginning in a j is positive. For a a correct word of length at least three, a is obtained from a by deleting the first and the last letter. Obviously, a is a nonnegative word. For a partition A = {A 1 , A 2 , . . . , A n } of [m] we denote |A| = m. Similarly, for a sequence a we denote |a| its length. We say that
and A r ∈ A so that i < j < k, i, k ∈ A r , and j ∈ A r . If every element of {2, . . . , m − 1} is covered in A, we say that A is a connected partition. Proof. Suppose that j < k < l belong to the same block, say B, of A. Since k is covered, there exist s and t, s < k < t, belonging to the same block A that is different from B. It is easy to check that each of the four positions of s, j and t, l leads to the forbidden pattern abba. For example, if j < s and t < l then j < s < t < l form the abba pattern. If {1} were a block, 2 would not be covered. Similarly {m} cannot be a block. Proof. By the previous lemma, if A is a connected sparse abba-free partition, F (A) is defined and is a word beginning with 1 and ending with −1. Every initial sum of F (A) is nonnegative for else we would have in the corresponding initial segment of A more second elements of two-element blocks than the first elements, which is impossible. Moreover, for no i, 1 < i < m, the sum of the first i letters is zero because then i would not be covered. Thus F (A) is a correct word.
We define the inverse mapping F −1 . Let a = a 1 a 2 . . . a m be a correct word and let the partition F −1 (a) = A be defined in the following way. If a i = 0 then {i} is a (singleton) block of A and if a i is the kth occurrence of 1 in a and a j is the kth occurrence of −1, then {i, j} is a block of A. Note that always i < j and that the second elements of two-element blocks come in the same order as the first elements. Thus A is abba-free. A is connected because if an inner element i were not covered, then the sum of the first i − 1 letters of a would be zero. A is sparse because {i, i + 1} ∈ A implies that a 1 + a 2 + · · · + a i−1 = 0 and a 1 + a 2 + · · · + a i+1 = 0. Finally, it is easy to check that F and F −1 are inverses of one another and thus F is a bijection. Proof. Any other position of I 1 and I 2 means that every inner element of I = I 1 ∪ I 2 is inner in I 1 or in I 2 and thus A|I is connected. This contradicts the maximality of I 1 or of I 2 .
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Thus we can order A * as A * = {I 1 , I 2 , . . . , I n } < where
We define the numbers a i , 0 ≤ i ≤ n, by a i = u i+1 − v i − 1 where we set v 0 = 0 and u n+1 = m + 1. Clearly, a i ≥ −1 and a i is the number of elements strictly between I i and I i+1 , where a i = −1 means that the intervals overlap. Note that every element between I i and I i+1 forms a singleton block. Now we can define the desired bijection G:
Here A is a sparse abba-free partition of [m], m ≥ 3, 1 i abbreviates the sequence 1, 1, . . . , 1 of i 1s, a i are the above defined numbers, A i is the restriction of A to I i (where A * = {I 1 , I 2 , . . . , I n } < ) normalized so that the ground set equals [
, F is the mapping of Lemma 2, and means the deletion of the first and last letter. If n = 0, that is if A * = ∅ and A has only singleton blocks, we set
We prove that G is indeed a bijection between all sparse abba-free partitions of [m] and all nonnegative words of length m − 2. By Lemma 2, F (A i ) is a correct word. Hence F (A i ) is a nonnegative word and the whole G(A) is a nonnegative word. Its length is m − 2 if A * = ∅ and
We define the inverse mapping G 
where F −1 is the inverse mapping to F of Lemma 2, defined in its proof. The word 1, d i , −1 is a correct word and A i is a connected sparse abba-free partition of some initial interval of positive integers. We define the numbers a i as a 0 = e 0 , a n = e n , and a i = e i − 2 for 0 < i < n. Finally, we set 
